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Abstract
By choosing a particular, String Theory inspired, Special Kähler manifold, we are able to finda N = 2 four-dimensional ungauged Supergravity model that contains supersymmetric blackhole solutions that violate the folk uniqueness theorems that are expected to hold in ungaugedSupergravity. The black hole solutions are regular in the sense that they have a positive mass anda unique physical singularity hidden by an event horizon. In contradistinction to most examplesalready known in the literature, we find our solutions in a theory without scalar potential, gaugingsor higher order curvature terms.
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Introductory remarks
The study of black holes in String Theory is an extremely active field of research1. This is to beexpected, since String Theory is thought to be a (the?) consistent theory of quantum gravity, andblack holes seem to be the perfect theoretical laboratories in which to study the already old problemof the gravitational field quantization.One way to study black holes in String Theory is by finding their classical description as solutionsto the different Supergravities that appear as the low-energy limit of String Theory compactifications.Over the last decades an enormous effort has been devoted to the study of the huge space of suchString Theory-embeddable black hole solutions2. An effort which, after all, seems to be far fromconcluded.Already from a purely classical point of view, black holes are extremely interesting objects whosephysical properties have never ceased to amaze us since the very discovery of the Schwarzschildsolution [12]. The existence of event horizons [13], the observation that certain black hole spacetimescontain completely causally disconnected regions [14, 15], or the discovery that black holes satisfy thelaws of thermodynamics [16–18] are three good examples of such completely unexpected properties.Another interesting feature of these gravitational wonders comes from their exclusiveness. In-deed, it has been known for a long time now that all the stationary, asymptotically flat, black holesolutions to the Einstein-Maxwell theory, in a sort of general relativistic version of the Gauss law, areuniquely determined by a few parameters: their mass, their angular momentum and their electricand magnetic charges [19–23] 3.The possible generalizations of these uniqueness (or No-Hair) theorems to systems with morefields (such as scalars or non-Abelian vectors) has been an active area of research [25–27] since theproofs of the theorems for the simplest cases were carried out. On the other hand, the seek forcounterexamples to the corresponding conjectured uniqueness theorems in such scenarios has alsoattracted a lot of attention, and produced some interesting results. In particular, it is now knownthat the No-Hair conjecture can be violated or circumvented in certain Einstein-Yang-Mills-Higgssystems (See [28–35] and references therein) and in higher-curvature theories of gravity [36, 37].In this note we are going to construct a particularN = 2, d = 4 ungauged Supergravity4 modeladmitting pairs of supersymmetric, static, spherically symmetric and asymptotically flat black hole
1See [1–7] and references therein.
2See [7–11] and references thereof.
3Thus, the only possible solution for a stationary, axisymmetric and electrovacuum black hole is given by the well-knownKerr-Newmann spacetime [24].
4Which in the case under consideration will be a particular instance of General Relativity coupled to an arbitrary numberof Abelian vector fields and scalars.
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solutions sharing the same mass, charges and asymptotic values of the scalar fields, providing, tothe best of our knowledge, the first counterexample to the corresponding uniqueness conjecture inthe context of an ungauged Supergravity theory, and one of the first (some previous examples canbe found in [32]) for a system without scalar potential, non-Abelian vector fields or higher-ordercurvature corrections.In [38] we obtained for the first time black hole solutions to a Type-IIA String Theory compact-ification on a Calabi-Yau manifold in the presence of non-perturbative corrections to the SpecialKähler geometry of the vector multiplet sector 5. These black holes were given in terms of har-monic functions on euclidean R3, as it must be for supersymmetric black hole solutions of ungaugedfour dimensional Supergravity [41, 42], but they also contained a special function called the Lam-bert function6. As we argued in [38], the fact that the Lambert function is multivalued opened upthe possibility of using its different branches to build inequivalent black hole solutions with thesame conserved charges at infinity. However, such possibility was forbidden by the large volumecompactification limit we assumed to hold through all the calculations: that limit only allowed usto consider solutions such that the argument of the Lambert function lied into a set of values forwhich the function was uniquely valued.Inspired by this result, we are going to construct a particular Supergravity model that canbe analitically solved, and such that its supersymmetric black hole solutions share some of thecharacteristics of those in [38], but without any approximation involved. In particular, we will beable to construct solutions whose metric and scalars will depend on the Lambert function. Inthis case both branches will be available, and we will show how to construct a family of pairs ofinequivalent solutions, providing a violation of the conjecture.In order to illustrate the result, we will show an explicit example for a model with two scalarfields. We will find that both solutions are regular, in the sense that the only physical singularityof the space-time will be hidden by an event horizon of non-zero positive area (for each solutionin the pair). However, we will also see that the Special Kähler metric will not be positive definite(just like happens in other counterexamples to the conjecture [36]) when evaluated on our solutionsor, equivalently, that the energy-momentum tensor of at least one of the scalars will not satisfy ingeneral the NEC. In this respect, and although the No-Hair conjecture does not make in principlereference to stability issues, it is fair to say that the spirit of the conjecture seems to remain partiallyalive.The structure of the paper is the following. In section 1 we explain the structure of the bosonicsector ofN = 2, d = 4 Supergravity. In section 2 we briefly review the H-FGK formalism, essential
5 The effective theory of Type-IIA String Theory on a Calabi-Yau manifold is four dimensional N = 2 ungauged Super-gravity [39, 40]
6See appendix A.
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for the construction of the black hole solutions. In section 3 we motivate the Supergravity modelthat we consider and we illustrate how we found it. In section 4 we explicitly construct the super-symmetric solution without making any approximation. In sec 5 we explain how the family of pairsof solutions that we have constructed in section 4 can be used to violate the No-Hair theorem, andfinally, in section 6, we present an explicit pair of supersymmetric solutions, with the same mass,charges, and asymptotic value for the scalars at infinity.
1 N = 2, d = 4 Supergravity
N = 2, d = 4 Supergravity stands for any four-dimensional field theory invariant under theaction of two independent local Supersymmetry generators [40]. Due to the Z2 symmetry φB Ï φB(bosonic fields), φF Ï −φF (fermionic fields) present in any Supergravity action, setting the fermionsto zero is always a consistent truncation of the theory, which we will assume henceforth. We willrestrict also to theories containing terms only up to two derivatives. The bosonic sector of anyN = 2, d = 4 Supergravity can be written in that case as follows [39, 40]
S = ∫ d4x√|g | {R + huv (q)∂µqu∂µqv +Gij¯ (z, z¯)∂µzi∂µz¯j¯
+2=ΛΣ(z, z¯)FΛµνFΣ µν − 2<ΛΣ(z, z¯)FΛµν ? FΣ µν} , (1.1)
where R denotes the scalar curvature of the Levi-Civita connection associated to the space-time met-ric g ; qu (u = 1, ..., 4nh) denotes the hyperscalars, which parametrize a 4nh-dimensional Quater-nionic manifold HM with Riemannian metric huv (q); zi (i = 1, ...nv ) denotes the nv complexscalar fields of the vector multiplets of the theory, which parametrize the nv -dimensional base of aSpecial Kähler bundle SV = SM⊗L with structural group Sp(2nv + 2,R)×U(1) and Riemannianmetric Gij¯ (z, z¯); FΛµν = 2∂[µAΛν] denote the field strengths of the Λ = 0, ..., nv 1-form connectionsAi of the vector multiplets plus the graviphoton A0; and =ΛΣ ≡ =mNΛΣ(z, z¯), < ≡ <eΛΣNΛΣ(z, z¯)stand for the imaginary (negative definite) and real parts of the symplectic period matrixN , whichdetermines the couplings of the 1-form connections AΛ to the scalars of the vector multiplets.The hyperscalars qu are only coupled to themselves (and of curse to gravity) and, as a conse-quence, they can always be consistently fixed to constant values qu = qu0 . This simply means thatthe equations of motion for the hyperscalars qu always admit the constant solution qu = qu0 . Ofcourse, one may try to turn them on, but it has been argued that no regular7 black hole solutionswith non-trivial hyperscalars can exist, since they would develop scalar hair.Supersymmetry constrains the couplings and kinetic terms of all the fields of the theory in a
7That is, with the black hole singularity hidden by an event horizon.
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very particular way, which is beautifully codified in the language of Special Geometry8 for the vectormultiplet sector. Indeed, the bosonic action in the absence of hyperscalars is determined as soonas we choose a holomorphic section Ω ∈ Γ(SV) or, equivalently when it exists, a homogeneousfunction F(X) of degree 2, called prepotential, from which Gij¯ and NΛΣ can be obtained as
Gij¯ = −∂i∂j¯ ln [i [X¯Λ∂ΛF −XΛ∂ΛF¯]] , (1.2)
NΛΣ = ∂Λ∂ΣF¯ + 2i=m(∂Λ∂Λ′F¯)XΛ′=m(∂Σ∂Σ′F¯)XΣ′XΩ=m(∂Ω∂Ω′F¯)XΩ′ , (1.3)
where XΛ are homogeneous coordinates on the scalar manifold, related to the zi by
zi = XiX0 , (1.4)and where we have used the notation ∂Λ ≡ ∂∂XΛ .Therefore, it should be clear that if we choose a second degree homogeneous function F, weautomatically fix an N = 2, d = 4 Supergravity theory coupled to vector multiplets. On the otherhand, it is also reasonable to expect that not every election of prepotential will correspond to aSupergravity theory susceptible of being embedded in String Theory.
2 H-FGK formalism
The most general static and spherically symmetric solution to (1.1) takes the form [7, 43, 44]
g = e2U(τ)dt ⊗ dt − e−2U(τ)γmndxm ⊗ dxn ,
γmndxm ⊗ dxn = r20sinh2 r0τ
[ r20sinh2 r0τ dτ ⊗ dτ + hS2
] ,
hS2 = dθ ⊗ dθ + sin2 θdφ ⊗ dφ ,
(2.1)
where τ is the radial coordinate and r0 is the non-extremality parameter (which parametrizes hownon-extremal the black hole is) when (2.1) does in fact correspond to a black hole spacetime. Insuch a case, the exterior of the event horizon is covered by τ ∈ (−∞, 0), with the event horizoncorresponding to τ Ï −∞ and spacial infinity at τ Ï 0−. The inner part of the Cauchy horizon iscovered by τ ∈ (τs,∞), with the inner horizon at τ Ï∞ and the singularity at τ = τs for a certainpositive and finite τs [45].
8For an introduction to Special Geometry see, e.g. [7, 40]
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We assume a static and spherically symmetric spacetime, as well as exclusively radial dependencefor all the fields of the theory. In this case, the Maxwell equations can be integrated explicitly, andthe vector fields can be written as functions of τ and the symplectic vector QM of electric qΛ andmagnetic pΛ charges, QM ≡ (pΛ, qΛ)T . Indeed, let Ψ ≡ (ψΛ, χΛ)T be a symplectic vector whosecomponents are the time components (which are the only non-vanishing ones) of the electric AΛand magnetic AΛ vector fields. Then, it can be shown that
ΨM = ∫ 12e2UMMNQNdτ , (2.2)where MMN is a symplectic and symmetric matrix constructed from the couplings of the scalarsand the vector fields as
(MMN (N)) ≡

(=+ <=−1<)ΛΣ − (<=−1)ΣΛ
− (=−1<)ΛΣ (=−1)ΛΣ
 . (2.3)
The (bosonic sector of the) four-dimensionalN = 2 Supergravity action coupled to vector multipletscan be shown to be equivalent, assuming the space-time background given by (2.1), to the one-dimensional effective FGK action [43] for the (2nv + 1) real fields zi(τ) and U(τ)
IFGK[U, zi] = ∫ dτ {(U˙)2 +Gij¯ z˙i ˙¯zj¯ − e2UVbh(z, z¯,Q)} , (2.4)
together with the Hamiltonian constraint, which encondes the explicit independence of the effectivelagrangian with respect to τ
(U˙)2 +Gij¯ z˙i ˙¯zj¯ + e2UVbh(z, z¯,Q) = r20 . (2.5)
In the previous expressions, Vbh is the so-called black hole potential, which is defined by [43]
Vbh(z, z¯,Q) ≡ 12MMN (N)QMQN . (2.6)
As we have said, the non-dependence of the effective FGK lagrangian on τ makes the correspondingHamiltonian constant. In fact, the dimensional reduction over (2.1) imposes such constant to beprecisely the square of the non-extremality parameter r20 .The H-FGK formalism [44–48] consists of a change of variables from (U, zi) to a new set of(2nv + 2) variables HM (τ) which transform under a symplectic, linear, representation of the U-duality group of the theory, and become harmonic functions in R3 in the supersymmetric case. Theequations of motion in the new variables HM (τ) read
gMNH¨N + (∂NgPM − 12∂MgNP)H˙NH˙P + ∂MV = 0 , (2.7)
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together with the Hamiltonian constraint
12gMNH˙MH˙N + V + r20 = 0 , (2.8)
where the (non invertible) metric gMN (H) and the potential V (H) of the H-FGK effective action aregiven in terms of the so-called Hesse potential W(H) by
gMN (H) ≡ ∂M∂N logW− 2HMHNW2 , (2.9)
V (H) ≡ {− 14∂M∂N logW+ HMHNW2
}QMQN . (2.10)
The relation between the Hesse potential, the HM variables and the covariantly-holomorphic sym-plectic section VM is given by
W(H) ≡ H˜M (H)HM = e−2U , H˜M + iHM = VM /X , (2.11)
where X is a complex variable with the same Kähler weight as VM , making the quotient VM /X Käh-ler invariant. H˜M (H) stands for the real part (H˜M) of VM /X written as a function of the imaginarypart HM , something that can always be done by solving the so-called stabilization equations.The effective theory is now expressed in terms of 2 (nv + 1) variables HM 9 and depends on2 (nv + 1) + 1 parameters: 2 (nv + 1) charges QM = (pΛ, qΛ)T and the non-extremality parameterr0, from which it is possible to reconstruct the solution in terms of the original fields of the theory(that is, the space-time metric, the scalars and the 1-form connections).
3 A stringy motivation for the model
The purpose of this letter is to study the supersymmetric black hole solutions of a particularN = 2four dimensional ungauged Supergravity coupled to vector multiplets, which we will find to violatethe folk uniqueness theorems that are supposed to hold in unaguged four-dimensional Supergravity.Of course, such model did not appear out of the blue, but it has his seed and motivation in ourprevious paper [38]. In [38] a new class of supersymmetric black hole solutions of type-IIA String The-ory compactified to four dimensions on a Calabi-Yau manifold in the presence of non-perturbativestringy corrections was obtained. The supersymmetric solution was given by
e−2U = H˜iH i , zi = i H iH˜0 , (3.1)
9Notice that the H-FGK formalism introduces an extra degree of freedom. As a consequence, the H-FGK action ejoys agauge symmetry which, by gauge fixing, allows to get rid of it [47].
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where H˜0 = pidˆlH lWa (sa√ 3nˆ(dˆnHn)32κ0ijkH iH jHk
) , (3.2)
H˜i = 12κ0ijk H jHkpidˆlH lWa
(sa√ 3nˆ(dˆmHm)32κ0pqrHpHqHr
) , (3.3)
and H i = ai − pi√2τ , (3.4)whereWa(x) (a = 0,−1) was any of the two real branches of Lambert’sW function, and sa = ±110.In order to solve the involved stabilization equations and obtain (3.2), (3.3) and (3.4) we were forcedto consider the large volume limit =mzi Ï∞ of the compactification, where certain simplificationscould be made. As a consequence, the approximation =mzi Ï ∞ had to be also imposed onthe solution. As explained in [38], only one of the two real branches of the W function (the onewith a = 0) was consistent with such condition, which also implied the argument of W0(x(τ)) tobe positive. We argued how, had not this condition been present, we could have tried to buildtwo different solutions solving the same equations of motion, by choosing W0(x(τ)) or W−1(x(τ))through (3.2), (3.3) and (3.4).In fact, we could have assigned, through a suitable election of the parameters available in thesolution, the near horizon (τ Ï −∞) and asymptotic (τ Ï 0) limits of the argument x(τ) ofW0(x(τ)) and W−1(x(τ)) to any pair of values chosen at will. In particular, we could have selectedx(τ = 0) = −1/e and limτÏ−∞ x(τ) = β, β ∈ (−1/e, 0), and then the solution built with W0(x(τ))and the one constructed with W−1(x(τ)) would have had exactly the same asymptotic behaviour, butdifferent profiles away from infinity (note also (A) that W0 and W−1 are not even symmetric, in con-tradistinction to the branches of other real multivalued functions such as the inverse trigonometricfunctions). That is, we would have been dealing with two completely different regular solutionswith the same mass M , charges and asymptotic values of the scalar fields, in contradiction with theaforementioned conjecture. Let us state that when we write regular, we mean a black hole solutionwith positive mass M such that there is a unique physical singularity in the space-time and it ishidden by an event horizon with non-zero, positive area.In order to accomplish the construction of our solutions, we are going to somewhat forgetabout String Theory and propose a prepotential which we can solve exactly, and such that thecorresponding supersymmetric solutions enjoy the same desirable properties as the String-Theory-forbidden ones of [38]. In particular, we will use the same truncation in the H-variables, to wit
H0 = H0 = Hi = 0, p0 = q0 = qi = 0 . (3.5)
10See appendix A.
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In addition, we want the Lambert function to appear when solving the corresponding 0-electriccomponent of the stabilization equations. We have found that the following prepotential fulfils therequired conditions
F (X) = n [dnXn] [X0e2idl XlX0 − 2i [dmXm]Ei [2idlXlX0
]]− dijkXiXjXkX0 , (3.6)
where Ei(z) is the exponential integral function11, and dijk = d(ijk), n and di12 are now arbitraryconstants not constrained by any String Theory requirement, since we are considering a purelySupergravity model.In the next section we are going to obtain the supersymmetric black hole solutions correspondingto the four dimensional N = 2 Supergravity theory defined by (3.6), assuming the truncation (3.5).
4 The supersymmetric solution
In the H-FGK formalism, it is trivial to see that any N = 2, d = 4 Supergravity model admits asolution for the HM variables given by
HM = AM − QM√2 τ , (4.1)which turns out to correspond to a supersymmetric black hole [41, 49–51]. Using the truncation (3.5)we have
H i = ai − pi√2τ , HM = 0 , M 6= i . (4.2)For the prepotential under consideration (3.6), and the truncation (3.5), it is easy to see [38] that thecorresponding stabilization equation for H˜0 is
∂F (X)∂X0 = dijkXiXjXkX02 + n [dnXn] e2idl XlX0 = 0 , (4.3)which is solved by
H˜0 = dlH lWa (sa√ n(dnHn)3dijkH iH jHk) . (4.4)
11See appendix B.
12The indices i, j, k, l . . . run from 1 to a fixed arbitrary positive integer nv .
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This is precisely the same result that we found for the H˜0 of the solution in the String Theorycase [38], and which incorporates the Lambert function, as we wanted. The remaining stabilizationequation to be solved is
H˜i = ∂F (X)∂Xi e −K2X , (4.5)
and its solution reads
H˜i = 3dijkH jHkH˜0 + ndi
[e− 2dlHlH˜0 H˜0 + [4dmHm]Ei [−2dqHqH˜0
]] . (4.6)
H˜i becomes an explicit function of the H i once we substitute (4.4) into (4.6). In any case the result isdifferent from the corresponding one in the String Theory solution, which is to be expected sincethe model, although sharing some general characteristics, is different. The metric warp factor ishence given by
e−2U = n [dnHn] [e− 2dlHlH˜0 H˜0 + [4dmHm]Ei [−2dqHqH˜0
]]+ 3dijkH iH jHkH˜0 , (4.7)
whereas the scalars read
zi = XiX0 = i H idlH lWa
(sa√ n(dnHn)3dijkH iH jHk
) . (4.8)
This completes the general construction of the supersymmetric solution. Of course, now we haveto require, in order to have a regular solution, several conditions which will now be studied.
4.1 Regularity conditions
In order to have a regular solution the following requirements have to be satisfied:
1. The warp factor must be non zero, namely
e2U > 0 , ∀ τ ∈ (−∞, 0) . (4.9)
2. The mass M of the solution must be positive and finite
M ≡ U˙(τ Ï 0) > 0 . (4.10)
10
This requires a bit more explanation. Indeed, it turns out that the definition of the black holemass involves derivatives of the Lambert function evaluated at x(τ = 0), which will appearmultiplicatively in the different factors of U˙(τ). As we have sketched already and will explainin the next section, in order to jeopardize the No-Hair conjecture we want to fix the parametersof our solution in a way such that the argument of the Lambert function evaluated at spatialinfinity (τ = 0) takes the value −1/e, where the two branches of W make contact. However,it turns out that W ′(x) diverges as x Ï −1/e (as explained in the appendix A). Fortunately,it is not difficult to cure this behaviour and get a positive (and finite) mass by choosing theparameters of the solution to be such that x˙(τ) τÏ0ÊÏ 0 faster than |W ′0,−1(x)| xÏ−1/eÊÏ ±∞. Forinstance, we can impose that the coefficient of order τ0 in the numerator of x˙(τ) vanishes. Aswe will see in the explicit examples of section 6, this suffices to obtain a finite and positivemass for our pairs of inequivalent black holes.3. The Kähler potential must be consistently defined. That is
e−K = iΩMΩ¯M (4.11)
must be positive. For the prepotential (3.6) the Kähler potential is given by
e−K = idijk(z − z¯)i(z − z¯)j (z − z¯)k + indi (z + z¯)i (e2idlzl − e−2idl z¯l) (4.12)+ 4n|dizi|2 (Ei [2idizi]+ Ei [−2idiz¯i]) .
Since the supersymmetric solution that we have constructed has purely imaginary scalars, wecan use z¯i = −zi to simplify this expression
e−K8 = idijkzizjzk + n|dizi|2Ei [2idizi] . (4.13)To summarize, if we obtain a solution such that the metric factor, the Kähler potential, and the massare definite positive, we will have a regular black hole solution with a physical singularity hiddenby an event horizon, and no other space-time singularities.
5 The violation of the No-Hair conjecture
The resolution of the stabilization equations given in section (4) gives us the opportunity to build thesupersymmetric solution either using W0 (solution which we will denote by S0) or W−1 (solutionwhich we will denote by S−1). Therefore, in order to prepare the set up for the violation of the unique-ness conjecture, we need to construct a solution such that the argument of Wa (sa√ n(dnHn)3dijkH iH jHk),which we denote by x(τ), lies entirely in the interval (−1/e, 0), only touching the value −1/e whenτ = 0, that is, at spatial infinity. Notice that if we want the argument x(τ) to be negative we have
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to chose s0 = s−1 = −1, which we will assume henceforth. This way, we will be able to constructtwo different black hole solutions that solve the same equations of motion, and have the same mass,charges and moduli at infinity, but however are different, since the profiles of W0 and W−1 aredifferent (and asymmetric) when evaluated in (−1/e, 0). Hence, we need to impose
x(0) = −√ n(dnan)3dijkaiajak = − 1e , (5.1)
and
x(τ) ∈ (−1e , 0) , ∀ τ ∈ (−∞, 0) . (5.2)Of course, as explained in the previous section, in order to have a regular solution we need toimpose M > 0 and e−2U , e−K > 0 for τ ∈ (−∞, 0). Assuming that (4.10), (and the discussion underit) and (5.1) hold, the value of the scalars at infinity as well as the mass, for both solutions S0 andS−1 will be given by
M = U˙(τ Ï 0) , =zi∞ = − aidlal . (5.3)In order to show that it is indeed possible (and actually easy) to choose the parameters available inthe model in a way such that we can obey all the conditions (regularity plus (5.1) and (5.2)), in thenext section we will explicitly construct a pair of solutions satisfying the required properties for aparticular model with two scalar fields.Another issue, related to the stability of the solution, is the positive definiteness of the scalarmetric Gij¯ evaluated on the solution. Such a condition, which is related to the fulfilment of theNEC associated to the energy-momentum tensor of all the scalar fields in our solution, turns outto be difficult to satisfy. In particular, for the simple models in which we have worked out theexplicit construction of pairs of solutions with the same masses, charges and asymptotic values ofthe moduli (like the one in section 6), the scalar metric turns out to have both positive and negativeeigenvalues (for both solutions in each pair), meaning that some of the scalars in our solutions failto satisfy the NEC (just like in other counterexamples to the No-Hair conjecture [36]). At this pointit is not clear to us whether this is a feature shared by all the possible solutions eluding the No-Hairconjecture susceptible of being constructed in our model (for any number of scalar fields), or not.This is an open question which could be addressed from different approaches [52]. On the onehand, one could always try to map (brute force-wise) the parameter space for models with differentnumbers of scalars, looking for a solution satisfying all the requirements but with a positive definitescalar metric. It would also be possible to consider other prepotentials giving rise to stabilizationequations whose solutions involve multivalued functions, and study the situation therein. On theother hand, it might just be that our procedure of placing the spatial infinity at the branch point of
12
the Lambert function necessarily implies some unstable behaviour for the corresponding solutions,not incompatible with their regularity. This could be related to the structure of the attractor flowsassociated to each pair of solutions. Let us see how this works.
5.1 Attractors
Although both solutions S0 and S−1 have exactly the same asymptotic limit τ → 0, since the flowis different, one should expect that the corresponding attractors z0 and z−1 are different. This isindeed the case; they are given by
zia = pidlplWa
(−√ n(dlpl)3dijkpipjpk
) . (5.4)
This can be understood in the context of the basins of attractions [53]. Let us suppose that we impose
x(0) = α , α ∈ (− 1e , β) , (5.5)instead of x(0) = − 1e . Then S0 and S−1 have different asymptotic limits at spatial infinity. Inparticular, the asymptotic value of the scalars at infinity is different for S0 and S−1. Therefore,we have two basins of attraction B0 and B1 such that the solution S0 corresponds to B0 and S−1corresponds to B−1. What happens when we impose
x(0) = − 1e (5.6)is that we precisely choose a point which lies in B0 and B−1, that is, we choose a point in thecommon border of the two basins of attraction. As a result, we end up with two different solutions,with different attractors, which however have the same mass, charges and asymptotic values of thescalares at infinity.This standpoint suggests that there could be, in fact, some instability associated to our electionof the Lambert’s function argument at the branch point. If this were the case, it would simplymean that, just like appears to happen in other counterexamples available in the literature (butthose usually in theories with scalar potential, gaugings or higher order curvature corrections), theNo-Hair Conjecture remains robust when stability issues are considered.
6 An explicit example
Let us consider a model with two scalar fields z1 and z2. The warp factor of the spacetime metricand the scalars can be read off directly from (4.7) and (4.8) with H1 = a1 − p1√2τ , H2 = a2 − p2√2τ.
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Imposing the regularity conditions, the correct asymptotic behaviour of the metric (e2U τÏ0ÍÑ 1) andchoosing the parameters in the argument of the two branches of the Lambert function in the wayexplained in the previous section (and such that (5.2) and (5.1) hold), it is not difficult to constructsolutions with the required properties (and which, in all the examples constructed automaticallysatisfy the condition e−K > 0 ∀τ ∈ (−∞, 0)). Let us choose a particular model with d1 = d2 = 1,d122 = 0, d222 ' −0, 270, d211 ' 0, 320, d111 ' −2, 040, n ' −0, 011, and with the following constantsfor our solutions: =mz1∞ = −1/3, =mz2∞ = −2/3, p1 = p2 = 1. The explicit dependence on τof the warp factor and the imaginary parts of our scalars for the examples at hand is in generalvery messy, so instead of reproducing it here, let us have a look at the corresponding plots for thisparticular example, for which the mass turns out to be M = 2/3
-3.0 -2.5 -2.0 -1.5 -1.0 -0.5
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ã-2 U HΤL@W0D
Figure 1: The profiles of the metric warp factors corresponding to the two solutions outside theevent horizon τ ∈ (−∞, 0). Both metrics asymptote to Minkowski spacetime at spatial infinity.
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Figure 2: The profiles of the imaginary parts of the scalar fields outside the event horizon τ ∈(−∞, 0). As we can see, their asymptotic values =mz1∞ and =mz2∞ coincide for both solutions (recallthat spatial infinity is at τ Ï 0−).
As we can see, both solutions are completely regular, and share the same mass, charges, andasymptotic values of the scalars.
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A The Lambert W function
The Lambert W function W (z) was firstly introduced by Johann Heinrich Lambert in 1758 [54].Along its history, it has found numerous applications in different areas of physics (mostly duringthe 20th century)[55–65].
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W (z) is defined (implicitly) through the equation
z = W (z)eW (z) , ∀z ∈ C . (A.1)
Since f (z) = zez is not injective, W (z) is not uniquely defined, and W (z) stands for the whole setof branches solving (A.1). For W : R Ï R, W (x) has two branches W0(x) and W−1(x) definedrespectively in the intervals x ∈ [−1/e,+∞) and x ∈ [−1/e, 0) (See Figure 3). Both functionscoincide in the branching point x = −1/e, where W0(−1/e) = W−1(−1/e) = −1. Therefore, thedefining equation x = W (x)eW (x) admits two different solutions in the interval x ∈ [−1/e, 0).
W  (x)
W  (x)
-1
0
H-1 e, -1L
0.5 1.0
-3
-2
-1
Figure 3: The two real branches of W (x).
The derivative of W (z) reads
dW (z)dz = W (z)z(1 +W (z)) , ∀z /∈ {0,−1/e} ; dW (z)dz
∣∣∣∣z=0 = 1 , (A.2)and is not defined for z = −1/e (the function is not differentiable there). At that point one finds
limxÏ−1/e dW0(x)dx =∞, limxÏ−1/e dW−1(x)dx = −∞ . (A.3)
B The Exponential Integral function
The Exponential Integral Ei [z] , z ∈ C is a special function on the complex plane. For real non-zerovalues x it is defined as follows
16
Ei(x) = − ∫ ∞−x e−tt dt . (B.1)We only need the Exponential Integral function evaluated in the real numbers since in our solutionsit appears only with a real argument, although in the definition of the prepotential (3.6) it appearswith an argument that can be in general complex.
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Figure 4: The Exponential Integral function on the real axis.
Ei(x) is negative for x ∈ (−∞, c), where c ∼ 0, 375, zero in x = c and positive for x > c. Inaddition, limx→0 Ei(x) = −∞.
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